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Boundary-Element Method for Three-Dimensional Heat
Transfer in Regions with Symmetry
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Steady-state heat transfer through a contact region (circular and elliptical) is solved numerically by the bound-
ary element method. With the symmetry of the problem exploited, specialized Green's functions are employed,
thereby considerably simplifying the task of constructing an appropriate mesh (i.e., highly refined near the con-
tact edge). Moreover, accurate fluxes for this difficult problem are obtained utilizing a new extrapolation tech-
nique for treating the edge discontinuity. The application of specialized Green's functions is also illustrated in
another three-dimensional problem of practical importance, that of temperature profiles in an electrochemical
plating cell.

Nomenclature
a = circular contact radius
GP(X,XQ) - point-source Green's function
Gs (X,X0) = specialized Green's function
k = thermal conductivity
n = surface normal
T = temperature
TQ = temperature of the contact
3D = boundary surface
<5 ( X , X 0 ) = Dirac delta function
\l/ (XQ) - internal solid angle at X0

Introduction

T HE boundary element method1 is known to be an effi-
cient technique for the solution of steady-state heat-

transfer problems.2'4 If we use a Green's function (fundamen-
tal solution), Laplace's equation is transformed into an
integral equation on the boundary of the region; this equation
is then approximated by a finite system of linear equations.
An important feature of this method is the ability to tailor the
Green's function to suit a specific situation (e.g., regions with
symmetry). The purpose of the present paper is to
demonstrate the benefits of using this technique for three-
dimensional thermal problems of practical interest.

Heat transfer between contacting nonconforming surfaces
has been extensively investigated, both analytically and
numerically, because of its practical importance. An excellent
reference to the vast literature on this subject can be found in
the thesis of Currie.5 The physical problem has been modeled
by many different geometries and boundary conditions; one
possibility, shown in Fig. 1, has a circular contact area at
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fixed temperature T0, the bottom face of the cylinder at
temperature Tl, and all other surfaces are insulated.6'7 The
singular behavior of the heat flux at the boundary edge of the
contact provides a significant obstacle to an accurate
numerical solution; contact regions with high eccentricity,
which arise in reactor safety analyses,8 are especially difficult.

Integral equation methods for steady-state contact prob-
lems were first investigated by Yovanovich9 and Schneider.3
This latter paper uses a boundary-element formulation in a
half-space geometry (i.e., an exterior boundary value prob-
lem). The Unsteady Surface Element Method10 (USE) is
closely related to the boundary-element approach and has
been successfully applied to transient thermal contact prob-
lems.11 As in the USE method, an important advantage of the
boundary element formulation is the inclusion of boundary
conditions in the "fundamental solution" or integral kernel.
By enforcing the symmetry within the Green's function, the
boundary surface adjoining the contact region is eliminated
from the computational model; it is therefore possible to have
a highly refined discretization on the contact without the
penalty of an enormous number of nodes and elements. This
technique allows an accurate solution and considerably
simplifies the construction of the discretization.

As might be expected, the boundary element method is not
immune to problems caused by the discontinuity in the normal
derivative across the contact edge: a "standard" boundary
element approximation exhibits inaccurate fluxes in this area.
To deal with this singularity, a new extrapolation technique
has been implemented in the algorithm, greatly improving the
accuracy of the solution.

Although the use of specialized Green's functions within the
boundary element framework is not a new technique,1'12 most
reported applications have been for two-dimensional prob-
lems. The advantages, in terms of computational expense,
mesh construction time, and accuracy of solution, for com-
plicated three-dimensional regions are seemingly not widely
appreciated.13 To further illustrate the elegance of the bound-
ary element approach to this class of thermal problems, an ap-
plication related to electrochemical plating will be described.
In a plating process, heat is generated as a consequence of the
electrochemical reactions at the electrode surfaces and current
flow in the cell. The electrical conductivity of the electrolyte is
usually strongly dependent on the temperature; thus, the
temperature distribution at the cathode can significantly im-
pact the plating rate. Solution of the thermal problem is
therefore required for an accurate modeling of the plating pro-
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cess. A realistic plating cell configuration, with the cathode in
the center and four cylindrical anodes at the corners of the
tank, is shown in Fig. 2. However, the thermal analysis
presented in this paper is not intended to be a complete model
for the electrochemical processes in the cell; it is viewed as
only the first step toward a reasonable representation of the
problem. The chosen boundary conditions, therefore, are an
idealization of the actual state of affairs. In particular, the
ohmic heating in the electrolyte is ignored and, rather than be-
ing a function of the current density, the heat flux on the elec-
trodes is assumed constant. Nevertheless, this model serves to
demonstrate the usefulness of the technique, and it is expected
that a more realistic statement of the physical problem can be
attacked in a similar fashion.

Boundary Elements
The starting point of the boundary element analysis of

Laplace's equation, v2T=0, is the equivalent integral
equation

T(X)VG(X,X0)-ndS

G(X,XQ)VT(X)-ndS (1)

The surface integral (with respect to X) is over the boundary
of the region dD, V(X0) is the internal solid angle divided by
4?r at the boundary point XQ9 and G(X,X0) is the Green's
function. The function G(X,X0) is a fundamental solution of
Laplace's equation, provided

V2G(X,X0) = -y2d(X,X0) (2)

where 5(X,X0) is the Dirac delta function.
The most common choice for G is the point-source potential

GP(X,X0)=- 1
4<jr\\X-X0\\

(3)

where \\X-X0II is the distance between X and XQ. This choice,
however, is not the only possibility. If, for example, the three
coordinate planes x=0, y = 0, z = 0 are symmetry planes, then
there is no flux through these surfaces. A point source at a sur-
face node XQ = (x09yQ9Zo), combined with sources at the seven
points obtained by reflecting through these planes, generates a
Green's function

(4)

where A}= ( ± x 0 9 ± y Q 9 ± Z o ) 9 which satisfies the prescribed
boundary conditions on the coordinate planes. Since the
Green's function Gs incorporates the correct boundary
values, it is not necessary to include these surfaces in the
calculation. This Green's function will be employed for the
solution of the contact and plating problems.

The numerical solution of Eq. (1) proceeds by decomposing
the remaining pieces of the boundary 3D into elements for our
purposes, triangles. The TV vertices of the elements are called
nodes. The temperature and flux on each element are approx-
imated by linear interpolation of the nodal values. For a par-
ticular choice of X09 the integrals in Eq. (1) can be evaluated,
yielding a linear expression in the 2N temperature and flux
values at the nodes. Writing Eq. (1) for each node therefore
produces a system of N linear equations. As the boundary
conditions supply either T(X0) or vT(XQ)-n9 these equa-
tions are sufficient to determine the unknown quantities. If we
know all of the information on the boundary, any interior
temperature, if needed, can be found by applying Eq. (1).

Fig. 1 Circular contact conceptual model.
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Fig. 2 Electroplating tank: a) top view and b) section along the
diagonal. > '

Contact Problem
Circular Contact

A circular contact area in a half-space with a specified con-
stant temperature has an exact analytic solution14 and
therefore serves as an excellent test of the computational
method. If we denote the contact temperature by T0, the solu-
tion is given by

2T0
00

e-
0

J\

(Aa)—
A

(5)

where a is the radius of the spot and r = (x2 +y2)1/2. If we dif-
ferentiate Eq. (5) with respect to z and evaluate at z = 0, the
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flux on the contact, 0<r<#, is

-k dT 2kT0

7r(a2-r2)l/2 (6)

Note that the flux becomes infinite as r-+a~ and is zero for
r>a. The thermal contact resistance can be found by in-
tegrating the heat flux over the contact.14

If, for the problem depicted in Fig. 1, the radius and height
of the cylinder are sufficiently large compared to the radius of
the spot, the solution should mimic the analytic result for the
half-space. Exploiting the symmetry, we use a one-quarter sec-
tion (Figs. 3a and 3b) in the calculation. Note that there are no
elements on either the x = Q and y = 0 planes, or the in-
sulated portion of the z = 0 plane. The edge of the contact
requires a highly refined mesh (Fig. 3c) because of the discon-
tinuous flux along this curve. However, this level of refine-
ment does not propagate into the remainder of the model
because there are no other surfaces adjacent to the contact
region. Away from the contact, the functions are not changing
dramatically, and the discretization can be fairly crude. The
ability to isolate the contact, therefore, greatly reduces the
number of nodes and elements in the model, thereby reducing
the cost of the computation. An additional benefit is that con-
struction of the grid requires much less time.

Grid Generation
A discretization that concentrates the nodes near the edge of

the circular spot was produced using the PIGS15 code. A
preliminary discretization was first constructed in two regions.
An outer annulus next to the edge was decomposed into two
rows of elements (three rows of nodes). These nodes were ar-
ranged in radial rows to facilitate the extrapolation procedure
to be discussed next. The elements for the inner disk region
were uniform in size and somewhat larger than those in the
outer region. To refine the edge of the disk further, the ele-
ment sizes were then adjusted in a coordinated manner. This
adjustment was accomplished by mapping the uniform
elements onto the surface of a sphere centered at the origin
and then projecting the nodal locations down onto the z = 0
plane. The resulting mesh has a smooth (decreasing) transition
in element size from the center to the edge, except at the junc-
tion of the two regions just discussed.
Extrapolation

The singular behavior of the flux at the contact edge is
almost certain to create difficulties for any general-purpose
numerical method. In a direct application of the boundary-
element method, this discontinuity manifests itself in the form
of nonphysical oscillations in the computed flux near the edge
of the contact. Instead of monotonically increasing radially
from the center of the disk, the flux decreases at an interior
node closest to the edge. In trying to respond to the singular-
ity, the computed flux at the edge is quite large, and this ap-
parently causes the depressed value at the adjacent interior
node.

Although more sophisticated approximations (i.e.,
quadratic elements) are likely to improve the results, it is not
clear that this would eliminate the problem. It is conjectured
that the observed numerical oscillations stem from trying to
solve for a nonexistent quantity, namely the flux on the cir-
cular arc, and not from an inadequate functional approxima-
tion. If this is the case, then using higher-order elements will
not alter this state of affairs. Instead of pursuing this course of
action (which nevertheless should be investigated), an alter-
native strategy has been devised.

Based on the idea that one should not try to compute the
flux on the contact edge, Eq. (1) is not employed when X0 is
an edge node. These equations are replaced by those that
determine the flux at the edge by extrapolating from interior
nodes. The simplest possible procedure is to use two
nodes and linearly extrapolate to the boundary curve: let
PI = (*i> y>i> £ / ) » 1 ̂ /^3, denote the coordinates of the three
points (/= 3, the edge point) and «, the corresponding flux (see

Fig. 3a Circular contact discretization, whole model.

Fig. 3b Circular contact discretization, contact only.

Fig. 3c Circular contact discretization near the edge showing ex-
trapolation nodes.
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Fig. 3c). The equation Jx>r u3 is determined by stipulating that
the distance between P3 = (P3,w3) and the line formed by P{
and P2 be a minimum. A little algebra yields

where

= (l-t*)ul+t*u2

(Pl-P3)-(P2-Pl)

(7a)

(7b)

Results
For the calculations, a contact radius of 0.8 was selected

and two different outer cylinders were employed. The scale of
the first cylinder, height equal to 5.0 and radius equal to 3.0,
was chosen to correspond to problems considered by Mikic
and Carnasciali.7 (Figure 3 shows the discretization for this
calculation.) As will be seen from the results, the second
cylinder, with a height and radius of 15.0, more closely ap-
proximates the half-space geometry. The calculations were
performed using a 12-point Gaussian quadrature algorithm
for the numerical integrations required by Eq. (1). The contact
and base temperatures were TQ = 100 and 7\ =0, respectively.

The radial heat flux distribution on the contact obtained us-
ing the two-point extrapolation is shown in Figs. 4a and 4b. In
Fig. 4a, the boundary element results are compared with a
finite-difference calculation16 and an analytical approxima-
tion.7 The computed results agree quite well, and the approx-
imation method is clearly accurate. Figure 4b displays the
results for both cylinders on an expanded vertical scale. The
analytic curve for the larger cylinder is obtained from Eq. (6);
the curve for the smaller cylinder is again the analytic approx-
imation of Ref. 7 adjusted to same heat flow. The boundary
element results agree with the analytical solution and are
somewhat better than the finite difference method near the
edge of the contact.
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Fig. 4a Circular contact heat flux distributions obtained from
boundary-element code BE3HEAT and finite-difference code
HEATING6.

Elliptical Contact
When the contact region is modeled by an ellipse with a

large eccentricity, the numerical problems at the tip of the ma-
jor axis become even more acute. Currie5 and Currie and
Rogers17 have investigated this problem quite extensively, us-
ing a variety of numerical schemes. Following Currie, an
ellipse with an eccentricity of 0.998 has been chosen (semi-
major axis = 0.154 cm, semi-minor axis = 0.009625 cm), and
the cylinder of Fig. 1 has been replaced by a rectangular block,
having a length and height of 2.54 cm and a width of 1.27 cm.
Figure 5 displays the geometry and discretization for this
problem. The side walls of this block (the planes x = 2.54 and
y- 1.27) are insulated surfaces, whereas the bottom (z = 2.54)
and contact surfaces are held at constant temperature (7\ = 0
and TQ = 100, respectively).

Grid Generation
To accommodate the strongly singular behavior at the tip,

(x,y) =(0.154,0.0), a preliminary PIGS discretization was
produced that had a gradual reduction in element size as the
tip of the ellipse was approached. To refine this narrow region
sufficiently, this discretization was then adjusted in a manner
similar to that used for the circular contact. By mapping the
original grid onto a surface (obtained by revolving a parabola
around the x axis) and then projecting the nodal coordinates
back down to the contact, the degree of refinement achieved
can be modified simply by changing the equation of the sur-
face. This is easily accomplished by altering a few program
statements; in this way, several different refinements can be
tried without having to generate an entire new grid with the
PIGS code. The mapping technique allows greater flexibility
than is available in the PIGS code for smoothly adjusting ele-
ment size.

The resultant discretization (Fig. 5) enables the extrapola-
tion technique to be easily applied for most of the edge curve
by extrapolating along constant x (vertical) lines. (The major
axis of the elliptical spot is along the x axis of the coordinate
system.) Near the tip of the ellipse, this technique is no longer
possible, and therefore the extrapolation was performed along
nearly constant y lines.
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Fig. 4b Heat flux distribution, expanded vertical scale.
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Fig. 5 Elliptical contact discretization.
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Fig. 8 Discretization of tank for heat-transfer analysis.
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Fig. 9 Temperature distribution along edge of cathode.

Using the extrapolation technique, the computed heat flux
on the contact was a smoothly increasing function out to the
edge, even at the tip of the ellipse. The calculations also agreed
reasonably well with the results reported by Currie5; a com-
parison of the heat flux values along the axes of the ellipse is
shown in Figs. 6 and 7.

Thermal Analysis of an Electroplating Cell
As mentioned in the introduction, a highly idealized model

of the thermal processes in an electroplating tank will be con-
sidered. The tank, shown in Figs. 2 and 8, is an example of a
reasonably complicated geometry that can be easily and effi-
ciently handled using a specialized Green's function. The heat
generated at the electrode surfaces was modeled by a constant
heat flux, and it was assumed that the top (electrolyte/air in-
terface) and the bottom of the tank behaved as insulating sur-
faces. The temperature of the side walls was maintained at the
environmental temperature.

To simplify the future coupling of electroplating and heat-
transfer calculations (i.e., setting the heat flux boundary con-
ditions to be a function of the computed electrical current den-
sity), the discretization employed for the thermal analysis was
essentially the same as that used for the electroplating simula-
tions.13 However, some modifications were required due to
the different form of the boundary conditions imposed by the
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Fig. 10 Isotherms on cathode surface, viewed along X= Y plane.

heat-transfer problem. For the electroplating simulations, the
side walls and bottom of the tank were insulated; as there was
no change in the boundary condition at the bottom edge of the
tank, a coincident nodal structure at this junction was not re-
quired. In the thermal model, the boundary conditions switch
from specified temperature to specified flux, requiring the use
of double nodes2 and, hence, a consistent discretization in
moving from one plane to the other. With this exception, the
nodes and elements in the two models correspond.

From the electroplating viewpoint, the primary quantity of
interest in this problem is the temperature distribution on the
cathode surface. As in the contact problem, use of the ap-
propriate Green's function conveniently allows for a very fine
mesh on the region of interest by isolating it from the other
surfaces. The calculated temperature profile along the y = Q
edge of the cathode is displayed in Fig. 9. Isotherms on the
cathode are shown in Fig. 10. These results were corroborated
by a finite-element calculation using ADINAT.

Conclusions
Three-dimensional heat transfer problems posed in regions

with symmetry can be effectively handled by the boundary-
element method. By removing symmetry planes from the
calculation, a specialized Green's function simplifies the task
of constructing a discretized model and allows the nodes and
elements to be concentrated on the region of interest. This
technique permits an accurate solution without excessive com-
puting cost. Although the contacts discussed here were simple
symmetric shapes, the method clearly extends to planar or
nonplanar contacts with arbitrary geometry. Of course, lack-
ing the symmetry, the entire contact, not just a quarter sec-
tion, must be used in the computation. Nevertheless, the
insulated boundary adjacent to the contact can always be in-
corporated into the Green's function; thus, the contact can
continue to be isolated from the rest of the model.

The difficulties caused by the singular behavior of the heat
flux along the contact edge were solved by two-point linear ex-
trapolating from the interior. Reasonable fluxes near the con-
tact edge were obtained by this method, even for a highly ellip-
tical geometry. This technique places constraints on the
discretization, but these requirements should, in general, be
easy to accommodate. Despite the simplicity of the approach,
the extrapolation procedure performed quite well; higher-

order extrapolation methods should prove even more effective
and are currently being investigated.
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